The loop expansion of the effective action is used to evaluate quantum corrections to a scalar field theory (massive φ 4 model) on AdS n+1 . We evaluate one loop corrections and show that they preserve conformal invariance of the boundary theory as conjectured by AdS/CFT correspondence. *
Introduction
It was at the end of 1997 that Maldacena [1] conjectured a correspondence between the large N limit 1 of certain Yang-Mills superconformal field theories and supergravity on AdS n+1 . However in his article he didn't explain how to do calculations with it and several authors tried to make the correspondence more precise. In [2] a possible formulation within string theory can be found, but it was mainly Witten [3] that explained how to construct explicitly the two point Green's function in a general frame. He considered a simple model like the scalar field theory and using heuristic arguments, wrote an expression for the Green's function in the massless and massive case.
Basically the idea is to identify the partition function of the bulk (AdS n+1 ) theory with the generating functional for the boundary conformal theory. Obviously the partition function involves a functional integration so we must impose suitable boundary conditions to restrict this integration. The boundary value of the bulk field is to be identified as a source term for the boundary theory. In this formulation the correspondence seems to be true more generally and not restricted to string theory. In this paper we consider a massive scalar field theory.
Suppose to have the φ field defined on AdS n+1 (which we shall denote Ω) and consider the φ 0 field defined as the value of the φ field on the boundary ∂Ω. At the same time consider a set of operators O which belong to the boundary theory and assume a coupling of the form
We can define the generating functional for the boundary theory as
but we have no idea on how to evaluate the CF T expectation value. Consider now the bulk scalar theory and its partition function Z AdS [S; φ 0 ] whose expression is
The AdS/CFT correspondence states that we can identify the two last expressions
provided that we restrict the functional integration on the right hand side to the φ fields that satisfy the φ 0 boundary condition. In this way we have a prescription on how to evaluate the CF T expectation value. A large number of papers on this subject has been produced starting from [1] and [3] . See for example [4] - [8] for specific arguments. A detailed introduction to the AdS/CFT correspondence can be found in the first part of [9] and for a general reference on conformal field theories see [10] .
To my knowledge the correspondence has always been considered at tree level, evaluating the partition function of the bulk theory only over the classical solution. The basic requirement is that the derivatives with respect to φ 0 evaluated at φ 0 = 0 of the right hand side of (1) are covariant under the conformal group. It is then interesting to push further our calculation by considering the one loop approximation in order to see whether the correspondence remains true. This is what we do in this paper. We emphasize that our calculations are formal in the sense that we do not worry about possible infinities in our expressions. Nevertheless infinities are a real problem which several authors discussed (for example [11] , [12] ) but we think that a formal verification of the transformation properties under the conformal group is a necessary prerequisite for any further development. In section 2 we propose a brief review of the tree level case and the basic results. In section 3 we calculate the one loop corrections for the correlation functions and we study their transformation rules.
Scalar field theory on AdS n+1 : a review
In the following we will use some notations introduced in several recent papers ( [3] , [9] ). Consider a (n+2)-dimensional pseudoeuclidean space E n+2 with coordinates
In this frame the euclidean 2 AdS n+1 equation turns out to be
u with i = 1, . . . , n and x 0 ≡ u −1 . In this way we obtain the well known AdS n+1 metric
The y set of coordinates should not be confused with the x set since the former is defined in the E n+2 space while the latter is defined on the AdS n+1 manifold. The AdS n+1 manifold Ω is represented by the upper half plane with equation x 0 > 0 while its boundary ∂Ω is represented by the hyperplane x 0 = 0 plus the single point x 0 = ∞. 2 Here the "time" coordinate is represented by yn+1, so the euclidean AdSn+1 corresponds to considering yn+1 → iyn+1; the minkowskian version of AdSn+1 would have been
The action S[φ] for the scalar φ 4 model is
which yields the field equation
where
Here the √ g factor is the square root of the metric determinant and makes the global measure {d n+1 x √ g} invariant under general coordinates transformations. By means of the Green's formula we transform (3) into an integral equation
Here h is the determinant of the induced metric on ∂Ω and the covariant Green's function satisfies the equation
with the boundary condition G(x, y)| x∈∂Ω = 0. The tree level approximation is then φ(x) ≃ φ (0) (x) and the action takes the form
Let's consider now the free field case. Solving equation (3) by Fourier-transform methods, we find two linearly independent solutions
where I α e K α are modified Bessel functions 4 [13] and α =
3 In these coordinates the operator (∇ 2 − m 2 ) is explicitly given by
Iα(z) and Kα(z) satisfy the differential equation
where θ is the Heaviside step function. This expression can be integrated explicitly and the result is
. After a rather lengthy calculation it is possible to arrive at the following expression for the action S[φ] at tree level
where I 4 (x 1 , . . . , x 4 ) is expressed by
and φ 0 represents the boundary value of the φ field. The AdS/CFT correspondence states then that two and four point functions for the boundary theory must have the form
∆ ij (11) as dictated by conformal invariance. In [14] it is shown that this is the case and the argument is generalized to the n point functions at tree level. Here f is an arbitrary function and x ij ≡ |x i − x j |.
Beyond the tree level: one loop corrections
In the following we discuss in detail the two and four point one loop corrections and we show that the argument can be extended to the n point case straightforwardly.
Effective action
Let's define φ J (x) to be the classical solution, which obeys the classical field equation 
Note that
and the integrals involved in (12) are Gaussian, so we have
The effective action Γ is
δJ(x) and we have defined
One loop corrections
The one loop corrections for the two and four point functions are
We have here defined a ≡ G(x, x) because it is easy to check that G(x, x) is a constant. We now show that these expressions satisfy the constraints imposed by conformal invariance. It is clear from the very structure that they are invariant under the Poincaré subgroup, so all we have to do is to verify their covariance under dilations and SCT (Special Conformal Transformations).
Under a dilation u → αu we have
Changing the integration variable x → αx we have
The dilation is performed on an n-vector while the change in the integration variable is on an (n+1)-vector, but we can always interpret u ≡ (0, u). Let's consider now the SCT transformation u → u ′ = u−bu 2 1−2(b·u)+b 2 u 2 and define
where the dot stands for the canonical scalar product. We have
Note that γ(u) = γ(u) so that the γ factors cannot be reabsorbed by changing the integration variable. In this case the verification requires three preliminary remarks:
• an n dimensional SCT transformation with parameter b performed on n dimensional vectors u is equivalent to an n+1 dimensional SCT transformation with parameter b = (0, b) performed on n+1 dimensional vectors u = (0, u);
• an n+1 dimensional SCT transformation with parameter b performed on n+1 dimensional vectors u = (u 0 , u) is explicitly given by
so that the "time" component is only rescaled;
• equation (16) can be written as
where y = (0, y), z = (0, z).
Consider then the n-dimensional transformation with parameter b as a particular n+1 dimensional transformation with parameter b = (0, b). We shall note that under SCT we have
so that equation (20) transforms into
but since we have assumed b = (0, b) and u = (0, u), we have γ(u) = γ(u) whence
accordingly to what was expected. The four point case parallels the two point one. It is straightforward to show covariance under dilations and special conformal transformations: the argument is exactly the same. The only difference is the Green's function G 2 (x, x ′ ) which is now not constant but we show that in fact it is an invariant function. We remind its expression
Dilation invariance of the ξ variable is self evident. Under SCT, ξ transforms into 
To generalize the argument it is not difficult to write down the 2N point function 5 , following the hint given by the two and four point case. We have Every step of our argument can be replicated, so we can say that also at one loop level the AdS/CFT correspondence holds in the sense that one loop corrections have the same transformation laws under the conformal group as the correlation functions at tree level.
